Abstract. An explicit construction of simultaneous Padé approximations for generalized hypergeometric series and formulae for the quantities π √ d , d ∈ {1, 2, 3, 10005}, in terms of these series are used for estimates of irrationality measures of these multiples of π. Other possible applications are also discussed.
Introduction
An important role in the history of the Archimedes constant π is played by formulae allowing one to calculate it with high accuracy (these days one speaks about billions of decimals). One class of these formulae are representations obtained by Ramanujan in 1914 [1] , among which we must point out first of all the following two examples:
(1/4) ν (1/2) ν (3/4) ν ν! 3 (21460ν + 1123) · (−1) 
As usual, (a) ν = Γ(a+ν)/Γ(a) = a(a+1) · · · (a+ν −1) for ν 1 and (a) 0 = 1 is the Pochhammer symbol (the shifted factorial); here and throughout, 'empty' products are set equal to 1. These formulae have only recently been rigorously substantiated and until now new formulae of Ramanujan type have arisen in connection with modular parametrization of solutions of differential equations [2] and algorithms for hypergeometric series [3] . We present as examples two further formulae, which we shall use in the present paper:
(1/3) ν (1/2) ν (2/3) ν ν! 3 (14151ν + 827) · (−1)
(1/6) ν (1/2) ν (5/6) ν ν! 3 (545140134ν + 13591409) · (−1)
formula (3) is proved in [2] (formula (1.19)) and (4) is the celebrated Chudnovskys' formula [4] , which enabled them to hold the record in the calculation of π in 1989-94.
On the left-hand side of each formula (1)- (4) produces a solution to some system of m linear differential equations of the first order. In [5] one can find an explicit construction of simultaneous Padé approximations for the system of functions 1, f 0 (z), f 1 (z), . . . , f m−1 (z); the author also indicates there (omitting details) arithmetic applications for the values of these functions. The aim of the present paper is to obtain estimates of irrationality measures of the quantities on the right-hand sides of (1)-(4). We state these estimates as upper bounds for the irrationality exponent. Recall that the irrationality exponent of a real irrational number α is µ = µ(α) := inf c ∈ R : the inequality α − p q |q| −c has finitely many solutions in p, q ∈ Z .
We also point out the equality µ(α) = µ(α −1 ) which immediately follows from this definition.
Theorem. The following estimates hold for the irrationality exponents:
The program we implement below was in effect announced by the Chudnovskys [4] , [6] , who presented as applications estimates (without detailed proofs) for irrationality measures of π √ 2 and π √ 640320 = 8π √ 10005 , which were worse than (7) and (9) . We simplify the analytic and the arithmetic presentations of the construction in [5] , which enables us to give a compact proof of the theorem refining the results of [4] , [6] .
It must be pointed out that there exist other methods for obtaining estimates of the measure of irrationality of π and some of its multiples, which produce better results. For instance, our estimates (6) and (8) [8] . Hence (7) does not improve the already known estimate either, and only (9) refines it for d = 10005. However, we emphasize that since new formulae of Ramanujan type keep occurring, the methods used in the present paper can find further numbertheoretic applications. § 1. Simultaneous Padé approximations
The construction below will be parametrized by integers M and N such that
Considering the polynomial
we see that
For convenience we shall separately write the resulting formulae for the coefficients c l,i in (12) on each of the following intervals:
The next result has an extremely complicated proof in [5] . We borrowed the idea of an elementary proof of it from [9] . Proof. The function
is a µ-polynomial of degree at most
(we use condition (10) in the last inequality). On the other hand, for each polynomial P (x) of degree less than M one has
since each derivative of the polynomial
of order less than M vanishes at x = 1. In view of (14) , this leads to the required result.
As one consequence, we see that the system
yields simultaneous approximations (Padé approximations for N +1 = (1+1/m)M ) to the system of functions 1, f 0 (z), . . . , f m−1 (z). Since our construction depends on the positive integers M, N , it will sometimes be important to indicate explicitly this dependence: we shall write Q(x; M, N ) = Q(x),
In what follows we require the following simple estimate for the remainders of the approximations (16). 
(17)
In particular, for
Proof. We find estimates for the coefficients in (15). Assuming that a j A for some integer A 1, j = 1, . . . , m, for l > N we obtain
which yields (since N = (1 + 1/m)M − 1) the limit relation (17).
Remark. The z variable of the hypergeometric series on the left-hand sides of (1)- (4) satisfies the inequality |z| < 1/2 m(m+2) with m = 3. § 2. Arithmetic aspects
Our further considerations concern the hypergeometric series in (1)- (4); therefore we set m = 3,
where n is an increasing positive integer. We also set
In addition, the polynomial b(x) in (5) will always be equal to (x + 1) 3 , whereas for a(x) we shall have the following options:
For n = 1, 2, . . . let D n be the least common denominator of the coefficients of Q n (x). In our discussion of the above-listed cases we shall also show that
(I) In this case the substitution in (11) yields
and by formula (13) for the coefficients of the polynomial P i,n (x) we obtain c l,i = 4
The factors
participating in the last expression are integers, so that the elements of the required sequence
n are for each n the least common denominators of the quantities
Consider now the integer-valued function
where λ(x) = 1 if {x} = 0, 0 otherwise, and · and { · } are the integer and the fractional parts of a number, respectively. Since for each prime p and each positive integer N ,
we conclude from the definition of ϕ(x, y) that the following equality holds for each µ = 0, 1, . . ., 3n:
Hence setting
we obtain by (20) the required denominator D n in the following form:
The function (19) is 1-periodic in each variable, therefore by the prime number theorem the primes p √ 3n make a contribution of order O(e const· √ n ) to the asymptotic formula for D n as n → ∞. This means, in particular, that one can consider another sequence
and we have
Consider now another auxiliary function:
ϕ(x, y);
by contrast with (21) it is 1-periodic and therefore can be explicitly calculated:
is the singleton consisting of x). At the same time, for x 1/3 we obviously have ϕ 0 (x) = ϕ 1 (x). Hence it remains to calculate the function (21) on the set 0 x < 1/3:
As a result, for the evaluation of the asymptotic behaviour of
as n → ∞ it remains to use the prime number theorem again: 
Hence the auxiliary function ϕ(x, y) has the following form:
ϕ(x, y) = 3x − y + 3 x + 2y + 3y − 3x − 3 x + y − y + 3λ(x + y) − 3λ(x), and the calculation of the corresponding ϕ 0 (x) (for 0
x < 1/3) and ϕ 1 (x) produces the following result:
Thus,
and we arrive at the following result. 
Remark.
The well-known Gauss formula (see, for example, [10] , p. 19) enables one to calculate the value of ψ(x) in terms of elementary functions, however the corresponding expressions are fairly cumbersome; for instance, −ψ 2 9 = γ + 5 2 log 3 + π 2 cot 2π 9 + 2 cos π 9 log 2 sin 2π 9 − 2 cos 2π 9 log 2 sin 4π 9 − 2 cos 4π 9 log 2 sin π 9 .
(III) Arguing as before we conclude that for each n the quantity D n = D (III) n is the least common denominator of the quantities 
. § 3. Asymptotic behaviour of approximations
We point out straight away that in the original paper [5] the author puts forward effective methods for the calculation of the asymptotic behaviour of the polynomials Q n (z −1 ) and the remainders R i,n (z) as n → ∞. However -and this was precisely the case in [5] -a thorough substantiation of empirical arguments remains outside the reach of a middle-sized paper, therefore we present in what follows another approach to the solution of the above-mentioned problem.
By the general theory of Wilf-Zeilberger all the above-constructed objectsthe polynomials Q n (x), P i,n (x), and the linear forms R i,n (z) -satisfy difference equations with respect to the positive integer parameter n. The most convenient (from the standpoint of algorithms at any rate) are the polynomials Q n (x), which have a simple representation (11) as hypergeometric series. The next result is in effect a special case of Theorem 4.4.1 in [11] . Here we denote by N the shift operator in the n-variable.
Lemma 6. There exists a difference operator
such that
Lemma 7.
Let ∆ = ∆(x, n, N) be the difference operator of Lemma 6. Then for each positive integer n n 0 and for i = 0, 1, . . ., m − 1,
In other words, the sequences of remainders of approximation satisfy the same difference equation as the sequence of denominators Q n (x) of the approximants.
Proof. For each n we set
Then
The total degrees of the polynomials F j (x, n) are bounded by an absolute constant, therefore using in the domain |z| < 1/2 m = 1/2 3 the estimates for the R i,n+j (z), j = 0, 1, . . ., s, following from limit relation (17) in Lemma 2 we conclude that for each ε > 0 there exists n 1 = n 1 (ε) such that
for all n n 1 (ε). We now select ε = log 2 and carry out further reasonings for each n n 0 = n 1 (log 2) and i = 0, 1, . . ., m − 1. Replacing x = z −1 by integers q > 2 3 , by (24) (with ε = log 2) we obtain
At the same time the polynomial (22) has a fixed denominator after multiplication by which the quantities on the left-hand side of (25) become integers.
Hence P i,n (q) = 0 for all0 . We see that the polynomial P i,n (x) vanishes at infinitely many points, so that P i,n (x) ≡ 0 for each n n 0 and i = 0, 1, . . ., m − 1. In view of the definition (22) of P i,n (x) and relations (23), we arrive at the required result.
In fact, for the calculation of the difference operator of Lemma 6 there exists the Gosper-Zeilberger algorithm of creative telescoping [11] , Chapter 6. Using it, we obtain in case (I) an (explicit, albeit very cumbersome) formula for a difference operator ∆ = ∆ (I) (x, n, N) such that
The most important information for the evaluation of the asymptotic behaviour is contained in the characteristic polynomial of this difference operator:
In case (II) for the corresponding difference operator ∆ = ∆ (II) (x, n, N) we have
and its characteristic polynomial differs from χ (I) (N) by a constant factor:
2 18 χ(N) (which, however, comes as no surprise).
Finally, in case (III) for the difference operator ∆ = ∆ (III) (x, n, N) we have
2 2 χ(N). Now, the asymptotic behaviour of the above-constructed approximants (to polynomials and linear forms) is for each fixed z = 1/x in the domain 0 < |z| < 1 completely determined by the zeros of the characteristic polynomial χ(N). This follows by Lemmas 6, 7, and the following generalization of Poincaré's theorem (see [12] , Theorem 1).
Lemma 8. Let u n , n = n 0 , n 0 +1, . . . , be a sequence that is a non-trivial solution of a non-degenerate difference equation with characteristic polynomial χ(N), χ(0) = 0. Then there exists an upper limit lim n→∞ |u n | 1/n , which is equal to the absolute value |N 0 | of a zero of χ(N). Moreover, if the other zeros of χ(N ) have absolute values distinct from |N 0 |, then one can replace the upper limit by the ordinary one. § 4. Irrationality measures For estimates of the irrationality measure we require the following result, which was established in [13] , Proposition 3.3 (see also [7] , Remark 2.1 as regards a refinement of the statement).
Lemma 9. Let α ∈ R be an irrational number. Assume that a sequence of linear forms q n x − p n with integer coefficients from the field of rationals or an imaginary quadratic field satisfies the relations
where C 0 and C 1 are real positive numbers. Then µ(α) 1 + C 1 /C 0 .
Proof of the theorem. We consider in detail the estimate (6) . For its derivation in case (I), for each n = 1, 2, . . . we set
and consider the corresponding numerical forms resulting from the substitution z = −1/882 2 and multiplication by the common denominator
n of the coefficients of the polynomials Q n (x) and P n (x):
it is precisely at this point that we use formula (1). Starting from some n the sequences Q n (−882 2 ) and R n (−1/882 2 ) satisfy the same difference equation with operator ∆ (I) (−882 2 , n, N). Here the first sequence is non-trivial; so also is the second sequence because of (27) and since 1/π is irrational. By Lemma 8 the asymptotic behaviour of these sequences is determined by certain zeros N 1 and N 2 of the characteristic polynomial (26) with x = −882 2 :
Multiplying out a numerical coefficient one brings the characteristic polynomial to the following form:
and for its zeros (of which two are real and two are complex conjugate) we have log |N 1 | = 47.44117569 . . ., log |N 2 | = log |N 2 | = −15.80349476 . . ., log |N 2 | = −15.83418617 . . . .
In our choice of a zero majorizing the asymptotic expression for the sequence R n (−882 −2 ) we used the trivial estimate (18) of Lemma 2. For the evaluation of the asymptotic behaviour of the linear forms (27) with integer coefficients it now remains to use Lemma 3. In the notation of Lemma 9 we obtain C 0 = − log |N 2 | − (18 − 3 log 3) = 1.09933162 . . ., C 1 = log |N 1 | + (18 − 3 log 3) = 62.14533883 . . .,
In view of the equality µ(π) = µ(π −1 ), we arrive at the required estimate (6) . For the derivation of the estimate (7) we use formula (2) . In this case the asymptotic behaviour of the sequence D n as n → ∞ is also described by Lemma 3, and for z = 1/99 4 the corresponding characteristic polynomial (26) is (up to multiplication by a numerical coefficient) equal to and we obtain the estimate
which yields in effect (7). The estimates (8) and (9) correspond to the use of formulae (3) (case (II)) and (4) (case (III)), respectively. For z = −1/500 2 the characteristic polynomial is as follows: and we arrive at the estimate (9) . The proof of the theorem is now complete. § 5. Final observations
Of course, we could consider another choice of the parameters M and N . However, it turns out that in all cases under consideration our choice of these parameters is optimal. In addition, the evaluation of the asymptotic behaviour of the coefficients and the approximating forms becomes much more complicated in the general case -not only technically, but also as regards substantiations. We also point out that one can immediately obtain difference equations for the sequences of polynomials P i,n (x) and forms R i,n (z) since each of these objects is a double hypergeometric series and a suitable version of the algorithm of creative telescoping can be used. However, the corresponding technical realization of this idea requires an enormous amount of time.
As regards other applications of the methods used in the present paper, the following observation due to Guillera [14] appears important. He points out that formulae of the Ramanujan type are closely connected with rapidly convergent series for the logarithms of algebraic numbers and other interesting constants. More precisely, by considering in [14] series of the following kind: (the first equality holds by (1)). A large number of other series in the list in [14] allows one to conjecture the existence of a broad class of formulae for mathematically interesting constants to which one can successfully apply the methods of the present paper. Unfortunately, we know of no more or less systematic theory in this area; the existing examples must perhaps be regarded as lucky incidents.
Bibliography

